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Learning Mathematics as a Second Language: Implications for Instructional Leaders 
 

Abstract 
 

Extensive research in primary and secondary language acquisition and the 

learning of mathematics have resulted in theories that are widely accepted in their own 

parallel fields of study.  This study examines how theories regarding language acquisition 

can be applied to the learning of mathematics.  This paper takes the position that, since 

mathematics is a language, theories regarding language acquisition should apply to the 

learning of mathematics.  To accomplish this argument, this paper synthesizes the 

theories of general learning theories, learning theories centered upon language 

acquisition, and hierarchical models of mathematical learning and mastery. Through the 

process of dioramic analysis the synthesis of the theories arrives at a novel framework of 

stages for mathematical learning.  

Research Methodology 

In order to develop a theory regarding the learning and teaching of mathematics 

as synthesized from theories regarding language acquisition and to propose that theory to 

others for examination and future experimentation, this study examines learning theories 

from textual sources from a number of fields of study.  However, simultaneously 

considering seemingly disparate fields of research holds inherent difficulties.  Two or 

more fields of study may employ similar vocabulary with far different meaning attached.  

Conversely, two or more fields of study may use different vocabularies which hold the 

same meaning.  Thus, it is often necessary to go beyond the written vocabulary and 

explore theories within each field to identify foundational characteristics within each 

field of study and then compare/contrast those characteristics.  This later process often 
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requires either the comparison and analysis of one field’s concepts and specialized 

vocabulary to those in another or the invention of entirely new language vocabulary and 

descriptors.  These are all dynamics within discourse analysis (Gee, 2005; Johnstone, 

2002; Schiffrin, Tannen, & Hamilton, 2001).   

Using techniques associated with discourse analysis, the documentary prose 

defining each theory was investigated, analyzed and decomposed into seminal conceptual 

bites.  These bites were then compared among fields of study and their intersections were 

discovered.  Further analysis led to a synthesizing of salient bites into a novel theoretical 

framework which spoke to more dimensions that any of the previous theories were 

capable of addressing (Gee, 2005; Johnstone, 2002; Schiffrin, Tannen, & Hamilton, 

2001).  

 Diagrams embedded within this paper depict the product as well as the process of 

synthesizing various ideational components.  To perform the included discourse analysis, 

the researchers used diagrammatic software to define, analyze, and synthesize ideas from 

the pertinent fields of study.  After ideational elements were denoted on the diagrammatic 

grid, they were moved about the grid until connections evolved and were recognized.  

Then each diagram went through numerous iterations until the diagram morphed into a 

form which would bring meaning to both the researchers.  Writing which emanated from 

these diagrams was then employed in additional iterations of the diagrams as needed; and 

refined diagrams then led to the refining of researcher understanding and written text.  

Altogether, the process of diagramming, writing, and refining became circular and each 

concretized the other. 

Of the hundreds of possible theories regarding learning, language acquisition, and 
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mathematical learning, selection of the various theories for the purpose of this study was 

made in respect to the theories being seminal works on which further research is 

grounded.  In addition to ensuring adequate coverage of each respective field, theoretical 

balance among these fields was also sought.       

General Learning Theories 
 

Prior to considering how students learn mathematics, it is valuable to briefly 

discuss some well respected theories regarding cognitive development and learning. 

Learning theories could have been selected from a great many fields (e.g., Behaviorism, 

Brain-Based Learning, Communities of Practice, Constructivism, Control Theory, 

Developmental Theory, Learning Styles, Multiple Intelligences, Neuroscience, 

Observational Learning, Right Brain/Left Brain Thinking, and Social Cognition, among 

many others). Unfortunately, since it would be nearly impossible to consider all of these 

fields in one study, this study was delimited to only a few learning theories. The theories 

discussed were selected due to their large number of citations in the literature of learning, 

a brief summary of the theories are found next.  

Jean Piaget (1972) provides a general theory of cognitive development which 

recognizes four stages which are primarily correlated to chronological age. The child 

progresses through each of these stages in his maturation through young adulthood. In the 

Sensorimotor stage (infancy) (which has six sub-stages), intelligence is demonstrated 

through motor activity without the use of symbols. Knowledge of the world is limited 

(but developing) because it is based on physical interactions/experiences. Children 

acquire object permanence at about seven months of age (memory). Physical 

development (mobility) allows the child to begin developing new intellectual abilities. 
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Some symbolic (language) abilities are developed at the end of this stage. During the 

Pre-operational stage (toddler and early childhood) (which has two sub-stages), 

intelligence is demonstrated through the use of symbols, language use matures, and 

memory and imagination are developed, but thinking is done in a non-logical, non-

reversible manner.  In the Concrete Operational stage (elementary and early 

adolescence) (characterized by seven types of conservation: number, length, liquid, mass, 

weight, area, volume), intelligence is demonstrated through logical and systematic 

manipulation of symbols related to concrete objects. Operational thinking develops 

(mental actions that are reversible). In the Formal Operational stage (adolescence and 

adulthood), intelligence is demonstrated through the logical use of symbols related to 

abstract concepts. Early in the period there is a return to egocentric thought. Only 35% of 

high school graduates in industrialized countries obtain formal operations; many people 

do not think formally during adulthood. Within each of these stages, Piaget defines a 

cyclic developmental process through which the child progresses in order to transition 

from one stage to another. These four phases include: observation of characteristics of 

actions and effects; reflecting abstraction; empirical abstraction; and generalization to 

new level of knowledge and insights. 

Rather than producing a framework of stages of cognitive development, Bloom’s 

Taxonomy of the Cognitive Domain (Bloom & Krathwohl, 1956) delineates six levels of 

intellectual behavior, increasing in cognitive sophistication, associated with and learning. 

These include: Knowledge, Comprehension, Application, Analysis, Synthesis, and 

Evaluation. These levels assist educators in developing curriculum and instruction which 

both meets the needs of students and stretches them to reach their cognitive potential 
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(Bloom & Krathwohl). Notably, while Piaget defines nearly unavoidable states inherent 

in the natural development of human cognition through which each person progresses just 

once in their lives, Bloom’s levels of cognitive differentiation can occur at every age and 

for every concept investigated.  

 Students learn through communication and participation within a community of 

learning. According to Paloff and Pratt (1999), five indicators define the existence and 

level of community: active interaction of both content and personal communication; 

evidence of student-to-student collaboration rather than teacher-to-student 

communication; socially constructed rather than teacher dictated meaning; resource 

sharing between students; and encouragement, support and constructive criticism 

between students.  

While learning is a social process, numerous theoretical frameworks define how 

learning occurs and the stages through which children transition in the process of 

learning. In the analysis of commonalities found among these many theories the 

discourse analysis will generalize to both language acquisition and the learning of 

mathematics. 

Learning Theories Centered upon PLA and SLA 
 

As with the previous brief discussion of general learning theories, the list of 

possible theories regarding language acquisition is extensive and similarly only a few 

seminal theories are described. Chomsky (1957) proposes a well accepted theory that 

every human being possesses the capacity and predisposition to learn language. From 

birth to schooling years, a child is able to communicate first with sounds and gestures and 

later with simple vocabulary and simple sentences. Chomsky asserts that the environment 
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is inextricably connected to language acquisition because a child’s native language is 

merely learned through socialization with other human being (parents, child care givers, 

siblings). One of the seminal research studies in language acquisition conducted by 

Brown’s (1973) discovered that in the process of language acquisition children naturally 

and universally learn linguistic morphemes in a similar sequence, an innate Universal 

Grammar. The sequential scope of learning language, elicits inquiry on whether there is a 

specific order of fundamental mathematical concepts which students inherently learn in 

sequence. Research in language acquisition has made significant findings regarding 

timeframes in which language acquisition most effectively occurs which may have strong 

implications for the learning of mathematics. If so, it may be beneficial if instruction 

follows this sequence rather than attempting to subvert the natural progress through 

inappropriately ordered curricular materials. First, Lenneberg (1975) has hypothesized 

that there exists a critical period for language development beginning with the first few 

years of life. Second, Lenneberg also states that the window of opportunity for learners to 

become fluent and accent free in a second language is limited. Although these theories 

are virtually untestable–for in doing so, great harm could be brought upon children–its 

foundation in biological theory has made it widely accepted. Together, these two findings 

may imply that there exists a critical period in the learning of mathematics, that 

mathematics instruction and leaning should be strongly emphasized in the earliest ages of 

a child’s development, and that emphasis should continue through puberty – possibly 

even to the exclusion of a number of other subject matter areas which may not have 

narrow windows of optimal leaning opportunities.  

In learning a second language, learners follow a sequential process of stages to 
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various levels of fluency. The following are universal stages of SLA that can be 

characterized by children’s utterances and communication of thoughts and ideas (Krashen 

& Terrell, 1983). In the Pre-production stage, children have little comprehension of oral 

and written communication in the second language; however they are trying to make 

sense of the language. Children start paying attention to intonations in speech, begin 

understanding that distinct sounds have meanings, and can usually understand more than 

they can communicate. They can typically nod “yes” or “no”, can draw crude 

representations, and can point at objects. This stage typically lasts 0 to 6 months and it is 

denoted the silent period. During the Early Production stage, children have limited 

comprehension but can give one or two responses to stimuli or questions. Children 

benefit from predictable patterns in speech and books. Even though children use single 

words to communicate, they can label and manipulate pictures and visual representations. 

They use familiar phrases and key words and, when using verbs, they only use the 

present tense. In the Early Speech Emergence stage, children speak in simple sentences, 

comprehend conceptualized information, respond to simple questions, and talk and write 

about personal experiences. However, their communication is fraught with many errors in 

pronunciation and grammar. During the Early Intermediate stage, children have 

proficiency in communicating simple ideas. Comprehension solidifies and children begin 

to practice important grammatical structures. In the Intermediate stage, children can 

achieve academically in their native language and participate in academic activities with 

some processing needed to understand the intricacies of the second language such as 

idioms and slang. And finally, during the Advanced stage, children have near native-like 

fluency, expanded vocabulary, and good comprehension of the second language. It may 
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take five to seven years to reach this stage of language acquisition. Each of these 

dimensions will be considered more completely in following discussions regarding 

sequential stages of second language acquisition in connection with mathematics 

learning. 

 
Hierarchical Models of Mathematical Learning 

In mathematics there are three models of mathematical learning widely accepted 

in the field. The Van Hiele model (1986) presents theories in the learning of geometric 

concepts. The Dienes' Learning Cycle (1960, 1971) views mathematics learning as a 

repetitive incremental cycle, and finally the SOLO taxonomy (Biggs, & Collis, 1982) 

discerns mathematical learning in level. Together, these models propound stages of 

mathematical learning through which students progress. Due the abundance of literature 

regarding these paradigms, they are only very briefly discussed herein.  

Van Hiele Model. Van Hiele (1986) theorizes five sequential levels of geometric 

understanding through which students learn. These levels include: Visualization, 

Analysis, Informal Deduction, Deduction, and Rigor. The van Hiele Model additionally 

proffers a five-phase sequence through which students transition from any level to the 

following level. The van Hieles theorize five sequential levels of geometric 

understanding through which students learn. In the level denoted Visualization, students 

recognize figures, but do not recognize properties of these figures. In the second level, 

Analysis, students analyze components of figures, but cannot explain interrelationships 

between, and properties among, figures. In Informal Deduction, students understand and 

utilize properties within and among figures and can follow informal proofs. However, 

students are unable to develop or understand less conventional proofs in unfamiliar 
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logical order. In Deduction, students understand and can use axiom systems in proofs and 

can proof theorems in numerous ways. And in Rigor, students can abstractly and with 

rigor examine, compare, and contrast different axiom systems. 

The van Hiele Model additionally proffers a five-phase sequence through which 

students transition from any level to the following level. In the first phase, 

Inquiry/Information, students passively and actively participate in communication 

regarding the concepts in the respective level through observation, questioning, 

investigation, and nomenclature. In Directed Orientation, through teacher-sequenced 

activities, students investigate concepts and come to understand key conceptual 

characteristics respective to the level. In the third phase, Explication, students actively 

and interactively communicate what they know about the level and, thereby, concretize 

the system of relations respective to the level being examined. In Free Orientation, 

students experience more complex, multi-step, and open-ended tasks which have multiple 

solution paths, gain independence in problem-solving, and fully apply and integrate 

numerous conceptual relations within the respective level. And in the last phase, 

Integration, students internalize concepts by synthesizing relations and constructing a 

new body of thought. 

Dienes’ Learning Cycle. Dienes (1960, 1971) and Dienes and Golding (1971) 

proposed a six-stage sequence through which a learner comes to understand mathematics. 

The first three stages of Dienes’ model is denoted the Dynamic Principle and includes the 

first three stages in his Learning Cycle. The Dynamic Principal has strong correlation to 

Piaget’s descriptions of assimilation and accommodation and includes the stages Free 

Play, Games, and Searching for Communalities. In Free Play, students are introduced to 
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mostly unstructured activities which will become the experiential foundation to which 

future experiences can be connected. Fundamental concepts are informally and tacitly 

developed. In Games, more structured and formalized activities and experiences connect 

the learner more tightly to future concepts which will be learned. Rules are employed in 

the activities, but the learner has gained neither the experience nor insight to generalize 

these rules. In Searching for Communalities, mathematical concepts develop and are 

independently applied appropriately to relevant situations. The learner begins to 

recognize generalizations of rules from different experiences and activities and 

recognizes conceptual commonalities within these experiences. Herein, the Dynamic 

Principle becomes cyclical and Searching for Communalities in one concept becomes 

play for a following concept.  

Beyond the three-stage Dynamic Principle, Dienes’ Learning Cycle includes the 

stages Representation, Symbolization, and Formalization. While in Searching for 

Communalities the learner recognizes commonalities from experiences and entertains 

generalizations, these are such which are provided to him through teacher directed 

activities; Representations transcends such by the learner himself discovering 

commonalities among mathematical experiences and generalizing such to novel activities 

and investigations. In Symbolization, the learner need no longer experience mathematics 

through activities. The conceptual understandings developed through Representations can 

now be further investigated, applied and extended symbolically. In Formalization, 

mathematical concepts can be interconnected into structures leading to mathematical 

proofs. 

SOLO Taxonomy.  According to Biggs and Collis’ (1982) Structure of 
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Observed Learning Outcomes (SOLO Taxonomy), students transition through a sequence 

of levels in the learning of mathematics. In the first phase, Prestructural, as students 

engage in a task/investigation, they are distracted or misled by irrelevant or disjointed 

concepts previously encountered. In the Unistructural phase, in a task/investigation ripe 

with conceptual pieces and alternate heuristics, students focus on one concept/heuristic of 

which they are most familiar/comfortable to the exclusion of others which may be more 

efficient, effective, or explanatory. During the Multistructural phase, experiencing a 

task/investigation, students can use more than one conceptual piece or heuristic, but 

cannot integrate them into a single, powerful, workable whole. In the Relational phase, 

students integrate conceptual pieces of a task into a coherent whole with structure and 

meaning. And in the final phase, Extended Abstract, students can generalize the coherent 

structure, adopt novel features into the structure, modify the structure, and apply the 

structure in novel scenarios. 

Unlike the van Hiele Model which has disjointed levels which become connected 

through the five-phase sequence, the SOLO Taxonomy recognizes intermediate stages: 

Prestructional to Unistructural; Unistructural to Multistructural; Multistructional to 

Relational; and Relational to Extended Abstract. 

Little examination is necessary to verify that significant conceptual agreement 

exists between the respective levels associated with the van Hiele, Dienes, and SOLO 

taxonomies. Many researchers have found the additional common characteristic of non-

disjointedness between van Hiele levels (Clements, Battista, & Sarama, 2001; Fuys et al., 

1988) to the degree to which Burger and Shaughnessy (1986) have recognized that 

students often fluctuate between different levels. 
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Considering the theoretical intersections among general learning theories, theories 

regarding language acquisition and theories regarding mathematical learning produced a 

number of findings.  These findings included the development of a novel, synthesized 

framework of stages in the learning of mathematics: the Bossé/Ringler Model (Table 1).  

These stages included: Receiving Mathematics, Replicating Mathematics, Applying 

Mathematics, Discussing Mathematics, and Communicating Mathematics.  

Understanding the stages of mathematical learning is essential for educators who are 

attempting to create curricula and instructional experiences commensurate with a 

student’s level of mathematical understanding. The stages of mathematical learning of the 

Bossé/Ringler model will be explained through the lens of second language acquisition 

(SLA). Before we delve into the explanation we make the case that mathematics is a 

language and follow with the discussion of the novel model. 
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Table 1.  Frameworks for Cognitive Development 

 
Theory Piaget Bloom Bruner Krashen Cummins Dienes Van Hiele SOLO Bossé/Ringler 
          
Domain Human 

Cognitive 
Development 

Cognitive 
Sophistication  & 
Learning 

Enactive, 
iconic, & 
symbolic 

Second 
Language 
Acquisition 

Second 
Language 
Acquisition 

 Geometric 
Learning 

Mathematical 
Learning 

Mathematical Learning 

          
Repetition Once per 

Lifetime 
In any Concept 
in any Field of 
Study 

 Once per 
language 
learned 

  Global over the 
Study of 
Geometry 

In any Concept 
in Mathematics 

 

          
Stage or 
Level 

Sensorimotor Knowledge Enactive Pre-production 
stage 
 
Early production 

SUE Free Play & 
Games 

Visualization Prestructural Receiving Mathematics 

 Preoperational 
 
Concrete 
Operational 

Comprehension 
 
Application 
 
Analysis 

Iconic 
 
Symbolic 

Early Speech 
Emergence 
 
Early 
Intermediate 
 
Intermediate 

SUR 
ADE 

Searching for 
Communalities 
 
Representation 
 
Symbolization 

Analysis 
 
Informal 
Deduction 
 
Deduction 

Unistructural 
 
Multistructural 
 
Relational 

Replicating Mathematics 
 
Applying Mathematics 
 
Discussing Mathematics 

 Formal 
Operational 

Synthesis 
Evaluation 

 Advanced ADR Formalization Rigor Extended 
Abstract 

Communicating 
Mathematics 
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The Language of Mathematics 

 
Few would question that mathematics contains many of the characteristics usually 

associated with language.  The recognition of mathematics as a language – containing 

many of the seminal characteristics of language such as vocabulary, grammar, and syntax 

– has been echoed by many (Adler, 1991; Changeux, 1995; Schwarzenberger, 2000; 

Usiskin, 1996).  Common to other languages, symbolism and logic are part of learning 

the language of mathematics.  Additionally, comprehending mathematics as a language 

necessitates involvement with mathematical content, applications, and problem solving.  

Distinguishing mathematics from other languages is that the mathematical language is 

more conceptually dense (Allen, 1988; Brennan & Dunlap, 1985; Culyer, 1988; Thomas, 

1988).  As with other languages, those who are fluent can typically determine the level of 

fluency of another through listening to or reading only a few phrases or ideas 

communicated by the other.  Proficiency in the language of mathematics can be acquired 

only by long and carefully supervised experience in using it in situations involving 

argument and proof (Allen, 1988). 

National Council for Teachers of Mathematics (NCTM, 1989, 2000) strongly 

recommends that the regular classroom use of oral, written, and pictorial expressions are 

essential in learning and communicating mathematical knowledge. The language of 

mathematics and the communication of mathematics are inextricably linked to multiple 

representations. Very little mathematics is communicated through use of only one 

representation, and more complex notions are often communicated through the 

interweaving of all four representations: symbolic (algebraic), verbal, graphical, and 

tabular (numeric) (NCTM, 2000). Thus, learning the structures, grammar, and syntax of 
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the mathematical language is insufficient; mathematical fluency is achieved when the 

learner is able to convey understanding by reading, writing, and using multiple 

representations. These modes of communicating understanding of mathematics are same 

in SLA. In order for any student to be fluent in any language effective communication is 

expressed in the four modes of language: listening, speaking, reading, and writing. 

 
Novel Model of Mathematics Learning 

 

In order to better describe each stage of the Bosse/Ringler model that addresses 

pedagogy of teaching mathematics as a second language, the understanding of how 

students learn an SLA is essential. The following discourse analysis incorporates 

dioramic representations to describe SLA using the Cummins Model for SLA (Cummins, 

1979, 1984) and its integration within the new model of mathematics learning. Although 

the Cummins Model is framed around pedagogical practice, its richness allows for it to 

be reinterpreted as a theory of learning regarding PLA and SLA. Throughout the 

remainder of this analysis, the authors will employ the Cummins Model as a theory of 

learning. Initially, a description of its original intended purpose: visualize language 

acquisition followed by the interweaving of learning theory that speaks to the learning of 

mathematics as a second language.  

Cummin’s model of SLA: From Social Language to Academic Language 

Cummins delineates a sequential path of SLA where the learner follows a path 

from acquiring a social language to proficiency in an academic language (Cummins, 

1979, 1986). Social language or Basic Interpersonal Communication Skills (BICS) 

develops naturally through interactions and daily personal needs to communicate with 
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others. BICS enables the student to communicate socially in simple tasks which do not 

require deep, content-centric understanding and cognitive skills. While valuable in many 

ways, social language is far from being fluent in an academic language or Cognitive 

Academic Language Proficiency (CALP) wherein the learner can read, write, and 

independently communicate information regarding an academic subject. According to 

Cummins (1986), students need both BICS and CALP to succeed in school in the new 

language. As a child progresses through the stages of SLA, students start with becoming 

proficient at BICS and move toward achieving CALP. By mastering CALP, students are 

able to think abstractly in the second language. Figure 1 illustrates the paths of 

conversational fluency and academic fluency that students experience when learning a 

second language. 

Cummins BICS Continuum.  In Figure 1, the first quadrant (SUE) and second 

quadrant (SUR) refer to BICS and the acquisition of social language more applicable to 

cognitively undemanding content. In the BICS continuum of social SLA, students first 

listen to, then follow, then participate in simple face-to-face conversations in the second 

language. The language is informal and topics discussed are familiar and personal. 

“Understanding” primarily conveys comprehension of the central idea of a conversation. 

Social Language with Clues Embedded in Cognitively Undemanding Content 

(SUE) activities involve listening (L: Listener Focused) to teachers and interacting with 

peers. The context embedded clues which occur within the expression of the language 

include using gestures, facial expressions, and body motions to communicate simple 

messages. These are the initial stages of SLA. At this stage, academic subjects such as 

art, music, and physical education are easier for students because of the many context 
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clues (gestures, modeling, visuals, demonstrations) embedded within the communication 

and practice of the subjects and the expected products are usually evaluated visually as 

opposed to in written form. Instruction and information dissemination is teacher-centered. 

Instructional methodologies and learning activities are explicitly developed to include 

many contextual clues to scaffold learning of SLA and promote understanding of the 

social language and practice in speaking (S) the SL. This discourse of SLA at the SUE 

and SUR stages of Cummins are next integrated into the theories of learning mathematics 

in distinct stages. The first two stages discussed will we Receiving Mathematic and 

Replicating Mathematics. 

Stage 1. Receiving Mathematics 

In the stage Receiving Mathematics, the teacher initiates and guides mathematical 

discussions and investigations. Communication is primarily verbal. Excellent teachers 

use inquiry techniques, investigations, questioning skills, and discussion to assist the 

student to construct the knowledge surrounding the mathematical topic being 

investigated. Students are actively attempting to integrate the mathematics, mathematical 

vocabulary, and techniques they see demonstrated into their own fabric of knowledge. 

Consistent with the SUE stage of Cummins’ model for language acquisition, the language 

of mathematics is understood only informally and in very restricted contexts. Certain 

terms have only a singular meaning at one time. Imprecise mathematical language and 

ideas are tolerated as they are recognized as a necessary phase in the process of learning. 

Mathematical language and understanding are informally socially mediated. In this stage, 

listening is the primary role of the student, with speaking taking a secondary and limited 

role. While this does not imply that teachers do not use questioning techniques through 
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which to understand student thinking and assist the student in clarifying ideas, it simply 

means that students have insufficient mastery of the mathematical language to provide 

significant responses in return. 

 
   
Note. Expanded from Cummins’ Quadrant demonstrating the dimensions of language  
 
(Cummins, 1984). 
 
Figure 1. Progression from social to academic language acquisition. 
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Stage 2: Replicating Mathematics 

In the Early Speech Emergence Stage of language acquisition, children speak in 

simple sentences, comprehend conceptualized information, respond to simple questions, 

and talk and write about personal experiences with many pronunciation and grammatical 

errors. Nevertheless, despite grammatical errors words and linguistic structures become 

“pictures of ideas reminiscent of Bruner’s Iconic stage. Many parallels exist between the 

characteristics of this stage and the stages of Analysis (van Hiele) and Unistructural 

(SOLO). In these stages of mathematical learning, students begin to understand 

mathematical concepts disjointedly. Mathematical connections have not yet been built 

and the larger context in which a concept exists is rarely understood. Mathematical 

expressions increase in number and sophistication, but yet lack both linguistic precision 

and conceptual understanding. Students are focused more on heuristics with which they 

feel most familiar/comfortable rather than unfamiliar heuristics which may prove more 

valuable. The comfort level a student has with an experience is predicated upon his 

experience with prior similar experiences. This is consistent with Dienes’ Searching for 

Communalities in which multiple experiences lead to commonalities among experiences 

and this recognized common structure being applied to additional relevant situations. 

Thus, as with language acquisition, mathematical learning is strongly correlated to a 

student’s comfort with the topic.  

In the stage Replicating Mathematics, students read mathematical examples and 

attempt to replicate what they observe. The understanding of the mathematics may be 

minimal, and students find success if they can mimic examples from the text or 

chalkboard. Communication need not be singularly verbal; students can read simple 
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mathematics within the context of what they have been discussing in class. Students 

independently create or apply little novel information. This stage holds many similarities 

with the SUR stage of Cummins’ model where communication transitions from speaking 

to reading and applying simple contextually comprehensible written language. Sense-

making remains somewhat informally social. Students learn as they communicate to one 

another. However, they do not yet understand that the purpose for sharing ideas is in 

learning and mediating understanding; rather, they communicate with one another as a 

natural social practice. 

In this stage, speaking and listening as student roles slowly gives way to reading 

mathematical texts and notes from the board. Replication takes place even within the 

language of mathematics, as students attempt to say things using phrases similar to those 

of the teacher – whether or not they understand the verbiage. Teachers probe student 

understanding through questioning and are often satisfied when students can tell the 

teacher what the teacher previously told the student.   

Up to this point the discussion has evolved from Cummins’ SLA BICS continuum 

to the initial stages of mathematics leaning in this novel model. It is necessary to return to 

Cummins SLA model and describe the CALP continuum in order to evolve into the next 

stages of mathematical learning. 

Cummins CALP Continuum. The third quadrant (ADE) and fourth quadrant 

(ADR) refer to the acquisition of academic language more applicable to cognitively 

demanding content. In the CALP continuum of academic SLA, students learn formal 

language related to academic subjects and the expectation of linguistic understanding of 

the academic subject becomes precise and deep. Herein, in order to satisfactorily perform 
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academically, merely understanding the gist of a lesson’s content objective is inadequate. 

In the stage denoted Academic Language with Clues Embedded in Academically 

Demanding Content (ADE), learners are expected to learn cognitively demanding content 

and be able to speak (S) with academic soundness in the content of study. 

Simultaneously, the social language expectations remain undiminished as teachers use 

collaborative learning strategies to encourage social interactions centered on academic 

topics that encourage academic speaking (S), academic listening (L), and academic 

reading (R) more so than academic writing. Context embedded clues provide support in 

the use of academic modes of language. Examples of such clues include demonstrations, 

use of media and technology to enhance learning, experiments, visuals, graphic 

organizers, and etc. Learning and information transmission begins to transition from 

teacher-centered to student-centered.  

In the final phase, Academic Language with Reduced Context Clues in 

Cognitively Demanding Content (ADR), the student is proficient in the second language 

and is able to understand academics mostly devoid of context clues. Focus shifts from 

language acquisition to content acquisition. While students at this stage are considered 

advanced in SLA and are able to function in the second language at all four modes 

(listening, speaking, reading, and writing), writing (W) and reading (R) are the primary 

means of linguistic communication. Learning becomes student-centered and independent. 

Students are expected to be able to write fluently within the context of the academic topic 

and become the creators and disseminators of information. Students at ADR are able to 

learn from textbooks through reading and from teachers by listening to lectures. Teachers 

of students at ADR are able to initiate instruction at abstract levels of cognition. Notably, 
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learning activities that fall in the ADE quadrant combine BICS and CALP by using the 

social interplay associated with cooperative learning groups with the academic rigor 

necessary for a student to learn and communicate about subjects and collaboratively 

develop understanding of cognitively demanding tasks.  

The goal of the classroom teacher incorporating the Cummins model in 

instruction should be to help a student go beyond learning a social language (BICS) to 

learning an academic language (CALP). Thus, classroom learning activities should have 

the purpose of passing through ADE to ADR, where linguistic fluency is greatest. 

Student centered, active learning, speaking, listening, reading, and writing activities 

should permeate the class. This discourse of SLA at the ADE and ADR stages of 

Cummins are next integrated into the theories of learning mathematics in distinct stages. 

The next three stages of mathematical learning discussed will we Applying Mathematics,  

Discussing Mathematics, and Communicating Mathematics. 

Stage 3: Applying Mathematics   

In Krashen’s Early Intermediate Stage of language acquisition, children have 

proficiency in communicating simple ideas and excellent comprehension. They also 

begin to practice important grammatical structures. They apply language to the world 

they know and experiment with “word pictures” similar to Bruner’s Iconic stage. Since 

the effective communication of mathematics often includes the use of multiple 

representations, students are now able to work with mathematics in multiple forms. 

However, representations are usually considered independently and students cannot 

recognize and properly apply these representations interconnectedly. This is consistent 

with the Informal Deduction (van Hiele) and Multistructural (SOLO) stages of 
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mathematical learning. As with communicating simple ideas in the process of language 

acquisition, students learning mathematics can follow simple informal proofs, but are 

unable to create or follow proofs in unfamiliar forms. Although falling short of formal 

proofs, the learner, as in Dienes’ Representations, can both independently discover 

common notions among various experiences and make applications of such to novel 

activities and investigations. 

In the stage Applying Mathematics, guided by teacher direction, students engage 

both independently and cooperatively in mathematical investigations. They apply 

mathematical concepts to their own interests and real world scenarios. However, students 

often have a limited repertoire of types of problems to which they can apply 

mathematical concepts and they see mathematical concepts and applications discretely. 

The interconnectedness of mathematical concepts has not yet developed. Focus is 

explicitly on accomplishing something and not on communicating ideas in a precise 

academic manner. 

 In this ADE stage, reading (R) and speaking (S) share roles in the classroom. 

Students become more involved in textbook readings and class notes by using 

representations and concrete to semi-concrete examples to understand the content of the 

readings. They carefully read examples and model learning strategies that provide context 

clues in order to apply the mathematical concepts. Interactions with other students are 

planned for the purpose of verbalizing mathematical thinking. The goal of 

communication is in the process of solving the problems at hand.  

Stage 4: Discussing Mathematics 

Students at the Intermediate Stage of language acquisition can achieve in the 
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primary language and participate in academic activities with some processing needed to 

understand the intricacies of the second language such as idioms, dialects, and slang. 

Precision in communication gains greater importance and language is seen more 

holistically as a structure. However, students have difficulty engaging in communication 

outside their realm of previous experience and knowledge. In Bruner’s Symbolic stage, 

language takes on a symbolic form and becomes a medium through which ideas are 

conveyed.    

In Deduction (van Hiele) and Relational (SOLO) stages, mathematics becomes 

integrated into coherent structure and students are able to work within this structure. 

Unfortunately, students have difficulty working outside of the framework of which they 

are familiar and struggle to extend it beyond to new concepts. The mathematical language 

gains in precision, becomes more efficient and more symbolic. As with Dienes’ 

Symbolization, mathematical learning need to remain experiential; students can learn by 

considering and extending ideas symbolically.  

In the stage Discussing Mathematics, students discuss mathematical ideas for the 

precise purpose of learning from, and with, one another. Mathematics and its language 

become more formal. Terms and concepts become understood in different contexts. 

Mathematical concepts become interconnected. As with the ADE stage of Cummins’ 

model, spoken communication is emphasized in the learning process. Students 

experiment with ideas provided to them by others. Although they may consider novel 

intersections of ideas, few ideas significantly extend beyond the context f the discussions.  

In this stage, speaking (S) becomes the primary role of the student. Listening to 

instruction and other students and reading instructional notes and the textbook take on 
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significant but secondary roles. The roles of reading and listening are recognized as 

supporting a student’s ability to properly discuss mathematics.     

Stage 5: Communicating Mathematics 

Students in the Advanced Stage of language acquisition have near native-like 

fluency, expanded vocabulary, and good comprehension of the second language. 

Communication is multirepresentaional and symbolic, similar to Bruner’s Symbolic stage. 

Students can use what they know is a language to discuss ideas outside of their realm of 

experience. In the stages of Rigor (van Hiele), Extended Abstract (SOLO), and 

Formalization (Dienes), students can compare the structure with which they are familiar 

to novel structures and use prior understanding to navigate these new structures. Student 

mathematical investigations and discussion near the level, precision, and sophistication of 

the teacher. Students become autodidactic and are able to fluently communicate 

mathematical ideas. 

Writing mathematics necessitates a deep understanding of the language, 

discipline, and formality of mathematics. In the Communicating Mathematics stage of 

mathematical learning, students write mathematics using proper mathematical language 

and appropriate uses of multiple representations. Mathematical concepts become 

interconnected and terms and concepts are understood contextually. Communication from 

the classroom teacher and among students has the purpose of mediating understanding of 

individuals and among the group. However, this mediation is most often in the form of 

evaluation for the purpose of editing and refining of a written product rather than for the 

purpose of producing the writing itself. While mathematical writing necessitates 

understanding the audience for whom a person is writing, the academic and social 
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understanding of the audience must precede the writing; therefore, few social dynamics 

occur within the writing process. As in the ADR stage of Cummins’ model, students 

become the producers of refined academic language. Socially situated context clues are 

significantly diminished. The learning process has evolved from teacher-centric to 

student-centric. Students are considering cognitively demanding academic concepts and 

generating their own written communication regarding such. 

Consistent with the stages in the theories of Krashen, Cummins, Piaget, Bruner, 

Dienes, van Hiele, and Biggs and Collis, it is herein argued that few students reach the 

level of Communicating Mathematics in their high school education. While students may 

to differing degrees experience classroom assignments which include the formal writing 

of mathematics, these are most often recognized by both the teacher and the student as 

educational products reporting what they know rather than as teaching/learning 

methodologies through which additional learning occurs, understanding is solidified, and 

knowledge is extended. Additionally, as implied by ADR being the final phase of the 

Cummins’ model, few students reach the point of linguistic fluency which would be 

needed to communicate with native fluency in a second academic language. In the 

context of mathematics as a language, native fluency would connote communicating 

mathematics in a manner consistent with the communication from mathematicians.  

Implications of the Research 
 

Considering the theoretical intersections among general learning theories, theories 

regarding language acquisition and theories regarding mathematical learning produced a 

number of findings.  These findings included the development of a novel, synthesized 

framework of stages in the learning of mathematics.  These stages included: Receiving 
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Mathematics, Reading and Replicating Mathematics, Applying Mathematics, Discussing 

Mathematics, and Communicating Mathematics.  Understanding the stages of 

mathematical learning is essential for educators who are attempting to create curricula 

and instructional experiences commensurate with a student’s level of mathematical 

understanding. The implications of this model are significant to the role of instructional 

leaders and fall into three primary realms.  First, the realization that apparently nonrelated 

fields of study often have significant conceptual commonalities that can be discovered by 

dialogue and discourse centered on the topic of student learning within each field. The 

discovery of similarities through careful analysis of the theories in different fields may 

result in the development of theoretical frameworks into novel dimensions.  In this case, 

this exercise leads to a novel framework defining the stages of mathematical learning.  

Since this multi-stage model is constructed from nexus of theories from general learning 

theory, language acquisition, and mathematical learning, it will have a more broad appeal 

and applicability to educators in general and may instigate the need for further 

discussions and collaboration. The discussions should be facilitated by an instructional 

leader and the purpose would be to develop practical pedagogical applications for each of 

the six stages of the Bosse/Ringler model.  These pedagogical applications should be 

developed through meaningful collaboration between educators of mathematics and 

educators of English Language Learners (ELLs).  

 Second, as research increases its focus on English Language Learners and equity 

in all curricular areas, future investigations based on this research may have significant 

and broad impact on the reframing mathematical learning through the lens of SLA. One 

important area of investigation should test the impact that the understanding of linguistics 
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may have on helping teachers determine the student’s level of proficiency in the 

mathematics language and utilizing strategies for increasing students’ mathematical 

understanding.  

Third, instructional leaders do not stumble upon their leadership skills, instead 

these skills are acquired through formal education and on the job. In public education the 

principal is viewed as an instructional leader, thus principal preparation programs have 

the important task of developing instructional leadership through the study of theories 

and practices in divergent curricular fields to identify similarities that in practice would 

promote collaboration among educational experts on school sites.  

Conclusion 

With the challenge to raise achievement levels in mathematics, this research adds 

dimensions of language acquisition that may not only help learn mathematics as a 

language but also address the diversity in mathematics language proficiency in any 

student.  The findings and implications of teaching mathematics as a second language 

revolve around accepted timeframes and developmental stages of learning language and 

mathematics. The conjoining of the timeframes and learning theories may assist to 

promote national, state, and local educational policy in support of earlier and more 

extensive mathematics instruction for all students.  This new model of mathematics 

learning grounded on SLA offer classroom mathematics teachers ideas and insights 

regarding the need for mathematics classrooms to be active, engaging, and 

communication rich environments in which students’ participation and interaction are 

integral components of learning. 

Altogether, many of the findings within this investigation lead to additional 
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hypotheses and questions which have only been proposed herein.  It is hoped that future 

research attempts to answer these questions and verify or disprove these hypotheses. 
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